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Abstract

By surveying and relating advances in fractal mathematics, real-valued
differintegral operators, cosmological dimensionality, M-theory, and quantum
gravity, the free speculation unfolded in this paper orchestrates these powerful
elements into a potentially-coherent cosmological model.  The proposed model
sketched here presents our cosmos as a global singularity of very-high dimension,
in which our familiar spacetime, with all its perceived quantum properties, is
embedded as a projection from a richer dimensional regime.  Our spacetime
worldlines, in this model, become apparently-discontinuous trajectories which, in
the embedding space, are in fact smooth transitions.

Information flow in this model is symmetrical: inward from our spacetime
to the embedding space for singularities at the stellar and galactic scales, and
outward from the embedding space to our spacetime for singularities proposed at
the quark scale and below. 

Perhaps, this paper suggests, we exist entirely on the rind of a very deep,
very rich fruit, and the meat of that fruit is apparent to us only indirectly, through
our awareness of mass and gravitation.
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Introduction and Purpose

The range of mathematics and physics needed to explore theories of the cosmos as a whole is
rapidly expanding beyond the reach of any single human mind, and indeed beyond the span of
entire communities of thinkers.  The ongoing faceoff between quantum gravity and superstring
theory illustrates the dilemmas the experts face, let alone those who are outside the community of
those experts.  This paper, stimulated by recent technical and advanced popular works, is
motivated by a mathematician's desire to open wider the conceptual playing field.  Now the
panoply of existing ideas on cosmology interbreeds with new considerations entering the field. 
Here are a few of the fascinating possibilities.

Upcoming Considerations

Our current assumptions serve us well within their scope, but integrating our visions of the
cosmos requires loosening the constraints of calculation.  Begin with the novel assumption that
our realm is not the by-now-familiar four-dimensional continuum, but is instead a space of
possibly-infinite dimension.  What we call spacetime may then be assumed to be embedded in
this larger realm. Higher-dimensional space is consistent with current extensions of spacetime
now in research .  [1]

Furthermore, there is no reason to restrict dimensionality to integral values except the
conveniences of computation and conceptualization.  The universe doesn't count on its fingers. 
Nonintegral dimensionality relies on fractal mathematics  for its basis, and fractal mathematics[2][3]

relies on a recasting of metrics to 'crowd' its points closer together, smoothly, letting the degree
of crowding represent the dimensionality of the set of points.

Assume further that gravitation, at all scales, corresponds to curvature of spacetime, again
consistent with current thinking. But now also assume that particles having mass represent
gravitational distortions of the same class as macroscopic gravitational singularities. This
'wormhole' assumption was tried out by J. A. Wheeler , but led nowhere at the time.[4]

Combining these two assumptions, a space of high and nonintegral dimensionality and the
applicability of gravitation at the particle level, we face the possibility that space itself is fractal
in character.  Some explorations of this idea are already being done .[5][6][7]
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Our Realm and Its Context

We can only perceive, measure, and consider details within our spacetime.  But we may be able
to push our understanding to the boundaries of that spacetime if we think of it as a projection
from a larger realm of higher-dimensional space.  
Since we can't draw higher-dimensional pictures,
we'll have to depict the situation in a more
abstract form.  Let's make the number (or level)
of dimension into a dimension itself, so that we
can draw a line and make scale marks on it indicating growth in dimensional complexity, as
shown above.    

Now we use the scale in a cosmological context.  For the most part, we experience the
universe as a seemingly-flat, four-dimensional, uniform space.  The above picture shows a
circle around the '4' to signify the importance of that four-dimensional appearance of things
to us.  It's where we live.  Only in the last hundred years have we learned that this
appearance is only local to our perceived scale of space and time.  The reality of things goes
much deeper.

Mathematics helps us dive into those depths.  When we hang a sheet across a room, and
shine a light from behind it, we can create a "shadow play" in which shadows are projected
onto the sheet by people and things between the light and the sheet.  Viewers on the far side
of the sheet see shadows move and merge and separate, and create stories from these
changes among the shadows. 

One way to think of our view of our universe (and ourselves) is as a view of the shadows of
a deeper realm.  We've already done this mathematically with things like complex
numbers , which caused great trouble for their discoverers until their virtues and necessity[8]

became clear in physics and elsewhere.  Later in this paper we'll see some of the
possibilities that arise from such an approach to our worldview.

The diagram spread across this page shows at right a vertical line, representing our
spacetime continuum, with an opening leading to the left, representing a connection from
our projected spacetime to dimensions beyond our reach. The connection to these added
dimensions is proposed here to be the gravitational distortion of spacetime. It may be
macroscopic or microscopic, but the result is the same.

Assume that the opening represents a subatomic particle, say, a proton.  We experience the
proton mostly in the vertical line – our spacetime. But probing the proton has shown us the
existence of quarks within it. The strong nuclear force, not apparent in our macroscopic
world, binds the quarks. For all practical purposes, quarks occupy a space with properties
different from those of the space we inhabit. The Lie groups  defining electromagnetism[9]
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reflect our spacetime. The Lie groups defining the strong nuclear force reflect a
more-complicated realm . Treating that realm as an extension of our spacetime, or[10]

treating our spacetime as an embedded component of the larger realm, seems appropriate.

Now consider the idea that gravitation's relationship with the larger realm is a
correspondence between gravitational intensity, or curvature, in a region, and the actual
dimensionality of that region. The stronger the gravitational force, the greater the curvature,
and the more dimensionality the local region possesses. In the deepest intergalactic space,
there is so little local mass present that the space itself has only sufficient dimension to
support the phenomena described by the simplest of the Lie groups: the phenomena of
electromagnetism. Only within the gravitational wells of the far-scattered atoms in the
voids can any connection with greater dimension be made.

But when galactic, cluster, and supercluster masses aggregate, the result is curvature on a
global scale. A few atoms here and there can have negligible effect on dimensionality, per
our assumption, but large masses correspond to an increase in the dimensionality of the
space they inhabit. In effect, mass gives access to more of the global realm in which
spacetime is assumed to be embedded. What we see locally, from our vantage point within
our galaxy in the Local Group in the Virgo Supercluster, corresponds to a space in which
mass presence affects the properties of the space itself, and therefore the degrees of
freedom of its contents, as reflected by the Lie groups of physics we've found.

An interesting aspect of this proposed model is that it suggests a rationale for the apparent
weakness of gravitation in our limited spacetime.   We may live on the four-dimensional
'rind' of a realm in which gravitation's influence must be spread, unlike that of
electromagnetism.  Considering the totality of gravitation, only a tiny fraction of it may be
apparent to us .  With a few rash assumptions relating gravitation to electric charge, say,[1]

we might be able to estimate the dimensionality of the total cosmos in all its dimensions.
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Singularity

The drawing on this page shows the gravitational wells of two particles. But
here we have a pair of dotted vertical lines that mark off different regions of
dimension. On the far right is our spacetime. To its immediate left is the
region in which the strong nuclear force operates. To the left of that, and on
across the diagram to its left edge, is the realm of successively-enriched
dimension culminating in singularity. We could consider the diagram's
horizontal axis as a real-valued measure of dimension, increasing from right
to left.

What is this 'singularity'? There is no way to know exactly, but assuming its
presence informs the proposed model here. One might consider it to be a
totality, with our spacetime a projection of some of its aspects into a limited
range of dimensions and properties. Extending such a consideration allows us
to relate the singularity we trace at our cosmic beginnings to the singularities
of collapsed stars and galaxies, and even to the proposed singularities of the
particles at their own small scale. In effect, all the singularities become in this
approach simply views of one singularity: the only one.

Here an apology is in order for 'simplifying away' the dramatic, powerful,
elegant, and essential constructs of superstring theory  in order to get at the[10]

kind of global picture defined by such theory. We should return to this aspect
of the model later, although not in the present paper.

A hint of what superstrings might imply in this model arises from the
distinction between fermionic and bosonic strings, the former open-ended,
the latter closed. Our view of fermionic strings as open-ended may reflect
their properties as seen from spacetime, but if we were to consider them as
originating in the original singularity itself, issuing through the particles we
see, and returning to the one singularity through the large-scale gravitational
singularities of stars and galaxies, they would be closed.  The symmetry of
such a view implies a conserved quantity .  Maybe we're just seeing[11]

fermionic strings from within the strings themselves, like a person standing
inside a pipe and looking along its interior. After all, when we consider
strings, we are looking at them with theoretical eyes that can see at the proper
scale.
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The Strong Nuclear Force

The drawing on this page shows the gravitational wells of two quarks. Here we see
the quarks in close proximity, so that their interaction via the strong nuclear force has
raised the dimensionality of the region between them, in our model. Again, on the far
right is our spacetime. The region in which the strong nuclear force operates is
shown as broader here, and we are modeling the difficulty of separating the quarks
by considering such separation as an attempt to 'compress' the space generated by the
quark masses into a lower level of dimension, like trying to flatten a
three-dimensional ball into a piece of paper. 

The present model offers a novel view of the apparent discontinuities that
appear in most physics where such things as point masses are considered.
Similar problems arise in mathematics itself. A mathematical way of
resolving such issues is to treat the space of the problem as embedded in a
space of higher dimension, as suggested here earlier. Catastrophe theory[12]

uses such a strategy to study and classify different kinds of abrupt transitions.
In the embedded space for such problems, discontinuities appear, but in the
embedding space, the discontinuities are merely artifacts of the projection of
the embedding space into the embedded space. The embedding space may be
a smooth manifold ('smooth' meaning infinitely differentiable), while its
projections contain abrupt transitions. 

The simplest illustration of this property difference is that of a person
gesturing in the sunlight with her shadow cast upon a nearby wall. She is,
from a surface perspective, smooth, but her shadow displays sharp edges. In
like manner, using our model, a point mass is not a point but is instead a
'well' into the higher dimensions of the overall realm we are modeling.

If a mass is represented by a well, what is in the well? We look into the well
of the mass at the quantum scale and see the wave function of the mass itself.
The aperture of the well corresponds to the value of the wave function, in this
model. Now what about energy? Since our spacetime supports the simplest of
the Lie groups, the quanta of energy are supported by our spacetime alone. It
is as if to see mass, we look inward (down the well) to higher dimensions, but
to see energy we look across our own spacetime. 
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How deep does the rabbit hole of the mass well go? In the present model, the well
narrows and lengthens (here, to the left -- the horizontal scale of the drawing is
hugely shortened at the left end) all the way down to the original singularity itself.
This model proposes that every mass, however small or large, is a view into the
source of everything. The two distinct points shown at the left end of the drawing
actually converge onto one single source point, if the term 'point' is appropriate for
the high-dimensional 'container' of all things.

Fractal Spacetime

The drawing on this page shows four masses close together. But here the masses are
sufficient to bring about a gravitational distortion of the overall region they inhabit.
The closely-dotted line shows the near-flat aspect of spacetime as in the previous
illustration, but the solid line shows how a concentration of mass raises the
dimensionality of the local region in the present model. Again, the left-hand ends of
the mass profiles here would extend to reach the original singularity's high
dimension.  Is the dimension bounded?

Fractional dimensions are a current research topic . Their use has simplified some[3]

calculations, but they are difficult to visualize at all. Fractal dimension takes the
entire idea of dimension, which we have rigidly cast into an integer framework, into
the realm of set theory, but its applications in physics are now proliferating as
practitioners wrestle with such ideas as Hausdorff dimension and fractal spacetime.

The notion of fractal spacetime raises interesting questions about the groups that
define the classes of structure and interaction among entities of physics .  Suppose[13]

that in the diagrams here, the distance from the vertical line on the right represents
the fractal dimension of the local space. How do different Lie groups come into play
at different ranges along the solid line? 
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One way to model such transitions is to
treat group behavior as a form of
'resonance' with the characteristics of the
substrate accommodating the behavior of
the group, the way that frequency ratios resolve into the loops of Lissajous figures with integral
numbers of points along their edges. Electromagnetism, then, is represented by a U(1) Lie group
'resonance' farthest to the right along the dimensionality line, the weak nuclear force by an SU(2)
'resonance' at some interval to the left, and the strong nuclear force by an SU(3) 'resonance'
further to the left, each unfolding as dimensionality expands, as shown along the horizontal axes
of these drawings.  The deeper we go into the complexity of cosmic structure, the denser become
the group structures possible at each deeper level.  But how do the Lie groups map to the
dimensional line?  Good question.

Edward Witten has, as usual, prefigured such speculative ideas beautifully, and with rigor and
restraint.  He writes , concerning the theme of further unification of interactions beyond current[14]

theories:

"Having at least partly unified the weak and electromagnetic interactions in a U(2)
or SU(2) X U(1) gauge theory, one naturally wonders if it is possible to do
better... The most obvious simple Lie group that contains SU(3) X SU(2) X U(1)
– which describes the strong, weak, and electromagnetic interactions – is SU(5)."

He continues by suggesting a supersymmetric extension of SU(5) that gives a successful
prediction for the experimentally-measured weak mixing angle, and adds, "It may well be that
[the SU(5)] model is part of a more complete description of nature."  He concludes with the
express wish of nearly every theoretical physicist since Einstein: "Beyond unifying the usual
elementary particle forces, one would like to also include gravity."

But it's far too easy to take Witten's ideas too far.  The present model is extremely simplistic and
naïve in appearance and development, and the preceding discussion doesn't relieve that
oversimplification. The 'particle zoo' is huge, the world of supersymmetry is so vast and varied as
to challenge any mortal mind beyond its powers, and the problem of characterizing gravitation
properly is still standing. The implications of higher-dimensional space and the constructs that
can be derived within it baffle all of us: Calabi-Yau manifolds  and much more. All we can[1][15]

do is to try to find ways to connect and harmonize our bewildering array of outlooks into this
awesome realm on whose thin crust we apparently sit.
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Time, Determinism, and Completeness

Time and determinism cause us endless trouble. In the present model, time is an artifact of our
limited realm -- it carries no particular power in the larger picture. Determinism here is complete
-- our desire for free will is no more than another artifact of our existence as projections from the
larger realm. Such an idea can be frightening.

The drawing on this page steps back from the microscopic view to a larger perspective. Here we
see four gravitational wells, leading as before in this model back to the center of the realm,
whatever that may be. But our spacetime at the right is now shown as curved, embedded in the
complete space shown. The wells might represent singularities of quadrillions of solar masses
each, monstrous collapse events feeding some 'center' of spacetime. 
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One More Thing...

One possible ramification of the ideas sketched here is the symmetry of information 'flow' in
such a model. The Bekenstein bound for gravitational singularities shows that a singularity of a
given size contains a limited amount of information. If we model our universe as one huge
singularity with our spacetime embedded in it as a kind of 'hypersurface', we turn the whole
problem inside out, and all information is contained in the singularity.  Our spacetime
hypersurface then becomes a recipient of projections of information from the singularity of which
it is a part. 

We can then treat the quark-scale singularities of the present  model as information outflows
from the overall singularity, so that the outflow at the micro level balances the inflow, via stellar
and galactic collapses, at the macro level.  As with fermionic strings, the notion of symmetry
implies a conservation of some quantity.

The figure on this page magnifies the region in the dotted circle on the previous page, to show a
sample of the inward and outward information flows (outlined arrows).  The outward arrows
present the experience of mass to us in the form of particles.  The inward arrow signifies our
experience (or lack of it) for a large-scale gravitational singularity.

This particular notion of symmetry
brings us to a new model feature
addressing another conundrum:
how does gravitation harmonize
with the other three forces we
know?  Its requirements for
symmetry groups don't match
those required by the strong force,
but consider the inflow/outflow
symmetry idea just described. 
Gravitation and the strong force
seem to have qualitatively-
opposite characteristics.  The
former has universal range,
attenuates slowly, and registers
weakly in our spacetime; the latter
has extremely short range, rises
very sharply, and registers very
strongly in our spacetime.  Might
it be possible to find a
transformation, a mapping that
harmonizes the two forces in one
framework?
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Visualizing All Things

If we could see it all with eyes capable of taking in the whole -- and of course, we can't -- the
complete realm in which our existence is embedded might resemble some huge hyperspherical
fruit, every particle, mass, and aggregate of our existence having a root leading to its innermost
infinite core point. And then we could see our lives as shadow play, with all the mysteries and
breaks and ambiguities no more than the overlays of shadows from regions of greater richness,
depth, smoothness, and completeness. In such a vision, some might feel terror, while others
would gain a sense of deep assurance. This little essay is nothing more than an entertainment, a
foray into realms of thought which may in some way echo fragments of harmony from the greater
place in which those realms of thought find themselves embedded. I hope the reader finds it
stimulating.  Many wonderful works  present deeply-considered views of our physical[16][17][18][19]

existence, and this presentation might contribute a new flavor to the banquet.

As Yet Undeveloped

This paper cannot keep up with the explosive developments of the field, as thousands of
disciplined, brilliant practitioners connect so many elements, mathematical and physical, in
explosive new ways.  Some developments seize the headlines; some pass with little notice until
some fresh mind snatches them up to show their relevance.  An example of the former is Grigory
Perelman’s proof of the Poincaré Conjecture, a culmination of work which cuts to the heart of
the transition between discontinuity and smoothness in manifolds and spaces; an example of the
latter is the work done by Venzo di Sabbata and C. Sivaram , which investigates spin and[20]

torsion in the realm of general relativity, hinting at scale independence that relates particle spin to
that of the universe itself.  

Toward a Coherent Program

Exciting mathematics and physics lie ahead.  How would we ever prove or disprove any of the
kinds of assertions made here, or even in the current theoretical realms, since the Planck scale is
not accessible to us?  What's the point?

Time and again, mathematical theory has advanced into realms of such abstraction that no one
except the mathematicians could understand them, and no one saw any application for them.  Yet
each time, apparently-impractical and unusable components of mathematics have suddenly
surged into prominence in physics and other scientific fields as applications arose.  Hermann
Weyl's book The Classical Groups is a prime example; Einstein's use of tensors and Riemannian
geometry is another.  The notion of nonintegral dimension is pure mathematics now – what
might it become in the hands of gifted physicists?  Isn't the unexpected application of
information theory to singularities another step along the great road of exploration?

A vast range of conceptual search and application remains to be done, and even with the best
tools and learning, the process will extend out for hundreds of years.
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Apology

I apologize for all the shortcomings and deferred promises of this paper. It was motivated by the
desire to push my thinking to its limits, and now I can see more clearly than ever the barriers of
those limits. The subject is far too interesting to pass by, and there is far too little time to explore
satisfactorily even its most basic ramifications.  Still, it might be a tiny step along a vast and
marvelous path.
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